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Fifty 4"-17"-grade students participated in individual interviews oriented toward probabilistic
intuition. Participants were given a boxful of equal numbers of green and blue marbles, mixed,
and a device for scooping 4 ordered marbles and asked to predict the most common sample.
Students replied that the outcome with the highest relative frequency would have 2 green and 2
blue marbles. Their verbal reasoning was accompanied by a deictic—metaphoric gesture to the
left then right, as if they were separating the colors in the box. Gesture, I argue, bridges direct
intuitive grasps of situations to conscious reflection, thus concretizing the prereflective, possibly
grounding it in material form such that it emerges as conducive to further elaboration in mimetic
symbolic form. Situated mathematical reasoning transpires largely as embodied negotiation
among kinesthetic image schemas afforded by available material resources and epistemic forms.

Orhe soul never thinkswithoutan imageO(Aristotle, On the Soul, 350B.C.)
O'o seeaworld in agrain of sandEO (Blake, Auguries of Innocence, ~1800)

Objectives

The objective of this study is to contribute to research on mathematical cogntion by
illuminaing implicit processes of embodied reasoning in Situated problem solving. | arguethat
stuaed mathematical reasoning trangires as an embodied negotiation beween
material/perceptud affordances of phenomenaand evolved culturalEnistorical cognttive artifacts
tha indudephyscal utensls, symbolical forms, and figures of speech. To build this argument, |
present empirical evidence of students engaging kinestheticEimagistic reasoning in solving a
situaed probability problem. | propose tha situaed mathematical reasoning transpires ndther as
direct trandation (mapping) from phenomenato symbols nor as chans of signification, as some
studies of semiotics or anthropology-of-scientific-practice may suggest, but in embodied
moddities drawing on both the materia and symbolica and opeating in complex dynamical
feedback iterations in which these resources reciprocally condrain each other toward achieving
structures evaluaed as cognitively coheent, localy effective, and sodobmathematically
nomative. Specifically, | conjecture that material affordances of situated objects may facilitate a
gesture-based bridging from unreflective kinesthesia to representationd intentiondity, a process
tha is indrumental to individud reasoning stimulated by and conduded in interpersond
discourse practices. | speculate whether the mathematics-education community currently has
theoretical, methodobgical, and pedagogical wherewithd to successfully interpret the nature and
mechanism of such commonplace multimodd reasoning so as to draw implications for the
design and facilitation of learning environments. Toward this god, | articulate the naure of
special mathematical learning toolsN reflexive artifactsN that are conduéve to drawing on
embodied resources such tha the resources are coordinaed into emergent solution procedures.
These tools may currently be rare, yet articulating their naure could be condugve toward
designing new reflexive artifacts tha facilitate studentsOguided mathematical reasoning. As
such, this pgoe is part of an ongoing project to develop a design framework induding prindpled
methodobgy for implementing condrudivist pedagogical philosophy in the form of content-
targeted artifacts, activities, and facilitation emphases (see Abrahamson & Wilensky, 2007)



Theoretical Background

Following renewed pog-Behaviorist interest in the roles of vision in mathematica reasoning
(Arnham, 1969; Davis, 1993; Goldin, 1987) the mechanisms of imagery, in its broad
multimodd sense, have become fod of research on mathematics education (Presmeg, 2006;
Schwartz & Heiser, 2006) Yet, whereas design-based researchers have been cognizant of the
roles of perception in mathematical learning, attention to the microdynamics of multimodd
reasoning has not been articulated or conslidated in the form of a methodobgy with clear
directives for practice (but see Case & Okamoto, 1996 for a neo-Piagetian approach to the
design of contexts tha suppot students in drawing on multiple resources and integrating these as
a @entral conceptud structure,Oe.g., the case of couning, in which spesch, perception, and
gesture are implicated). It thus appears timely to integrate considerations of multimodd
reasoning into design-research methodobgy induding emphases for microgendtic data-andysis
of learnersOmoment-to-moment interactionswith artifacts designed to suppot content learning.
Toward outlining such a progpective methodobgy, this pgoe closely examines a case study as a
means for consdering severa theoretical modds and ther attendant methodobgies, induding
the following. McNeill® (1992 founddiond taxonomy of gesture types facilitates interpretation
of studentsOmultimodad actionsas thinking-for-speaking with artifacts, with each micro-moment
condituting context for the subsequent emboded-cognition act. Grice@ (1989) theory of
pragmatics heps us interpret studentsO gestures as induding aspects of ogentation and
clarification tha respondto the interlocutor® conjectured perspective. Pirie and Kieren (1994
offer a methodobgy for monitoring a student® persond invention, conslidaion, and use of
images tha ground the meaning of a mathematical conaept and later serve as resources for
further conceptud differentiation and development. Schwartz and Heiser (2006) draw on ther
empirical studies of studentsOsituated problem solving to discuss the difficulty of coordinating
moddities (e.g., motoric and imaged)N work suggesting the importance of learning
environments tha facilitate such coordinaion. Fauconnier and Turmner® (2002) conceptual blend
modd illuminaes cognitive mechanisms undelying the supeimpostion of images or percepts,
offering a viable extenson of standad cognitive-science problem-solving modds to indude
attention to metaphor as image- and not propostion-based. Findly, Hutchins and Palen (1998)
ddinesate a distributed-cognition approach to explain the ubiquitous quotdian, and inextricable
roles ingruments play in suppoting the coordinaion of multimodd and multi-person resources
in routinized, practice-based, problem solving. These learning-sciences resources have informed
the development of a condrudtivist/sodo-congructivist approach to design that treats studentsO
mediated with-tools phenomenology as epigendtic of reinvention and conceptud undestanding.
In paticular, | seek to undestand the ongong congruction of mathematics as developing webs
of coordinaed multimodd resources. Data from design-based research studies congitute useful
arenas for investigaing tool-based epigenesis of mathematical condruds, particularly dueto the
designe@ nuanced undestanding of the artifacts students engagein problem solvingN the toolsO
material propeaties, embedded mechanisms, contexts, and affordances of conceptud emergence.

Data Sources
The daa used in this study are drawn from a design-based research project exploring the
nature, roles, and mechanisms of intuition in mathematical reasoning and learning. The subject
matter content that served as context for this study was probability and basic statistics. The study
was conduded in the form of ~75-minute semi-structured clinical interviews in which students
engayead individudly in problem-solving and condruction activities, usng a set of innovdive
learning tools unde development. We have interviewed over 50 students, indudng Grade4 B6



students as well as undegraduae and graduate students mgjoring in mathematics, statistics, or
economics programs (for the design rationde, learning tools, and andysis of empirical findings
see Abrahamson, 2007b;Abrahamson & Cendak, 2006). The current study seeks to achieve deep
undestanding of a paticular brief behavior manifested by mog of the part|C|pant students.

Figure 1. The marble-scooper randomness _
gener ator consstsofaboxful of hundredsof marbles '. N

number of marbles. In the current embodiment, there
are equal numbersof green and bluemarbles (p = .5), B
and the scooper accommodates exactly 4 ordered
marbles. At the onset of theinterview, studentsare
asked, OWhat will happen when you scoop?OProblem
solving and discussion involve several other mixed-
media learning tools pertaining to sampling,
randomness, distribution, and combinatorics.

Figure 1, above shows the marble-scooper device developed for our studies. Each concavity
in the scoope can hold a single marble. The simultaneous scooping of four marbles out of the
hundedsof marblesis arguably commensurate with flipping four coins(or flipping asingle coin
four times). Thus the device suppots a situated study of the binomial fundion (a + b)*. There
are 16 unique outcomes in opeating this stochastic generator (2%). For equd numbers of green
and blue marbles (p = .5), the expected outcome distribution in empirical expeiments is
1:4:6:4:1, where these five coeficients correspond,respectively, to the cases of selecting exactly
0, 1, 2, 3, or 4 green marbles in any order (the rest would be blug). Thus the numeral @O
indicates an expected plurality of samples with two green and two blue marblesin any order.

By and large all our participants predicted the 2-greenER-blue outcome as the mos common.
When asked to suppot ther prediction, al students initially said either tha, Ot lookstha wayO
or that they do not know how they know. For example, one applied-mathematics major said, O
don®know the reasoning behind it, but it seems kind of obviousto me.OUpon further though,
undegraduae and gradude students articulated this intuition, saying tha the mos common
sample should reflect the green-to-blue ratio in the box. Only upon prompts did these older
students apply notions and solution procedures relating to expected value the law of large
numbers, the central limit theory, and the binomial fundion (the Gnathematical reason,Oas one
student called these). This study focuses on studentsQinitial, Ghon-mathematical,Oyet accurate
judgnment. In particular, I examine the microgenesis of seeing and applying symmetry and
propottiondity in probabilistic reasoning (for a survey of related work, see Jones, Langral, &
Mooney, 2007;in paticular, see Tversky & Kahneman, 1974, for classical demondration of the
Gepresentativeness heuristicQ. A broader objective framing my work is to develop content-
targeted learning tools, activities, and facilitation suppoting students in acknowledging ther
nonandytic perceptud intuitions and coordinaing these intuitions with standad solution
proceduresN | view mathematics learning as the self study of perception (Abrahamson, 20073.

Methods
My research group, Embodied Design Research Laboratory, based in UC Berkeley®
Graduae School of Educion (http://edrl.berkeley.edul), opaates primarily in design-based
research methodobgy, in which we investigae mathematical cognition through engaging
students in activities with objects of our design (Cobb, Confrey, diSessa, Lehrer, & Schauble,



2003) Once we have €licited video/audio daa, we study student learning usng collaborative
microgendic quditative-andysis methodobgy (Schoenfeld, Smith, & Arcavi, 1991) Thus we
select and intensaly examine short data episodes in attempt to build as complete as possible an
undestanding of studentsOthinking processes. For exampleN and mog pertinent to the current
studyN , in order to conjecture as to the resources students bring to bear in addressing a situated
mathematical problem, we pay attention to studentsOgestures as they problem solve (see Alibdi,
Bassok, Olseth, Syc, & Goldin-Meadow, 1999) Through iterated viewings comparison, and
debae, member's of the research team become fluent in the entire data corpus such tha andysis
of each paticipant@ daa is contextudized by the complete interview as well as by al other
participantsOrespongs to corresponding items in the interview protocol. Wheresas this approach
is methodobgically incomplete, the potential validity of our ingghts lies in studentsOincreased
facility with learning tools that are improved iteratively, based on these insights, and in
subsequent triangulation with the literature and further data andysis. This pgoe reports on our
andysis of studentsOreasoning processes as they initially broughtto bear intuitive resources to
respondcorrectly to the marbles problem. More broadly, we are interested in emergent relations
between material substance (marbles, scoope, box) and conceptud condruds (e.g., probability,
propottion) and the roles embodiment plays in suppoting studentsOproblem-based congruction
of mathematical content as semiotic coordinaion of material and epistemic resources.
Undestanding these complex dynamical processes informs our design of learning environments.

Results, Analysis, and Discussion

While referring verbdly to equd propottionsof green and blue in the marble box, about3/4
of the students gestured to oneside and then to the other, as thoughthe hundeds of marbles were
separated by color to theleft and right of thebox. In so doing, severa students performed a leftb
right gesture away from the box withoutany clear referent, some gestured either toward the box
itself or to a box they condructed with gestures, and some of the participants indicatedN even
touchedN the middle point of the box immediately prior to gesturing to the blue hadfOand the
Qyreen hdf.OWe will focuson LG, who was typical in manipulating the perceived and imaged.

Sample Data: The ‘Equal’ Gesture
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LG (6" grade):  |of colors on each, side, -- | guess youe less likely
If there®@e equal [hands flap up [scoops] to get more of
amount and down] one color than the other.

Figure 2. A student engagesin multimodal reasoning to support hisanticipation of the
mog frequent outcomein an experiment with the marble-scooper stochagic device (p =.5).

The 4-second pause in~LGC§ utterance suggests tha his gestures are integral to the reasoning
process, not post hoc LG entire sentence is built in the form of an IFETHEN structure: OfE,
[then] | guessEO In the IF clause, LG congructs propaties of the stochastic generator, whereas



in the THEN clause he expresses assumed opeaative consequences of this condruction for the
expected empirical outcomes of the projected experiment. Each of these two conjoined clausesis
uniqudy assodated with a proximal seeing of the marble box, yet in the IF clause the marbles
are separated, whereas in the THEN clause they are mixed. Thus in his IF clause, LG consders
an event tha is complexly related to the distal phenomenon before him. Namely, it is not the
case tha Qhere@e equd amountof colors on each sideON the physcal marbles are in fact mixed
and not separated. What, then, is the nature of LG@ statement? Wha is he referring to? Why
does a casud apprehenson of LG@® discourse not appear strangeto an unreflective interlocutor?
Following, | attempt to explain the nature of the gestureN its contexts, mechanisms, and roles.

Data Analysis: The ‘Equal’ Gesture as a Window Onto Problem-Solving Processes

To begin with, the sodal situaion suggests tha there is relevant information to derive from
the box so as to respondto the question about the scoope. Hence, the symmetrical shape of the
scoopaN seen as two concavities on the left and two on the rightN foregroundsin the marble
box its affordance for bisection. The gesture reveds the body® role in porting these
intercontextud condraints back and forth between the material elements of the problem space. In
paticular, the embodiment of symmetry and bdance plays a mediating role between box and
scoope. In the process of reasoning throughand communicating an idea about the marbles, the
student appropriates material propeties of available mediatha indudehis bodyand, reflexively,
the gesture-condructed marble box. The partitioning gesture toward the condructed marble box
is complex deicticBmetaphoric. It shows the referents of speech (Gamounts of color on each
sdeQ) in a recondrudion of the box® content, perceived as two en-masse semantic categories.
This mental partitioning organizes the marbles such that they better afford mathematization.
Findly, note tha the marbles are hdd in a vessal. This particular vessel, dueto prosaic reasons
of indudrial engineering, produdion, storage distributon, and marketing, is structurally
smpleN a tranducent rectangular plastic box. A feature of this box, then, is a straight line, the
long side of the box, which faces the student. This long side of the box conditutes an ad hoc
measurement toolN a primitive number lineNl uponwhich LG tacitly offloadsthe embodied ratio
of the green and bluegroups thusinadvertently concretizing theratio as pat-to-part indexes.

By this interpretation, embedded propeties of the marbles box (straight frame) condituted a
material bridgefromafocal artifact (theactuad marblesin therectangular box) reflexively to this
artifact@ inheaent mathematical information in question (greenEblue ratio). Thus pre-verbdized
images of symmetry and badance become articulated in bipatite linear form bespeaking
propottion. The @qudOgesture, then, loopsfrom an object and back to itN tha is, from the
attended categories (color propeaty) of an amorphousobject (mixed marbles) and back to the
very object (containeg box), now serendipitoudy used to ground, elaborate, and communicate
embedded aspects of its own propeties (hdfEndf). The box of marblesisthusboth an originary
resource and a vehicle carrying cognitively ergononic expression of its own propetiesN it is a
reflexive artifact, enabling wha No' (2006) describes as usng the world to represent itself.
Specificaly, a reflexive artifact embodies as an affordance an epistemic form for indexing its
own propeties, thusacting as a cognitive bridgefrom the phenomend to the mathematical.

Discussion
Whence did the @qudOgesture come and what roles did it play? When reasoning and
communicating, humans spontaneoudy leverage ther capecity to represent absent objects, or
aspects of these objects, within their body space (McNeill, 1992) The epigenesis of a specific
gesture is in actud manipulation (Vygotsky, 1978N the studentsO @qudO gesture may be



groundel in prior physca actions of sorting and patitioning. Yet it is precisely because the
marbles are not readily given to manifesting the @qudOidea physcaly, tha the participants
select an alternative medium, gesture, for conduding and communicating their problem solving.
The media-neutral qudity of gesture, alongwith its malleability and portability, make gesture an
effective moddity for situaed problem solving. In paticular, gesture marks the body as a buffer
for coordinaing perceptions of dispaate objects tha (e)merge as structuralyBdynamically
homologous Tha is, gesture can carry essential structural propeties of oneelement in a sSituated
problem (scoope) to induce it in another element (marbles). Thus gesture both invests and
reveas epistemic forms (Collins & Ferguon, 1993, such as a:h, embedded in situated elements.
In Abrahamson (2009 | suggested tha people engaging in Stuated problem-solving use
embodied spatial articulation, atype of dynamic visuobspdia reasoning, to negotiate between
body-based mathematica knowledge (kinesthetic schemas) and sodally mediated nomms of
seeing mathematical tools (epistemic forms). That is, people manipulate situaionsN whether
physcally or imagisticallyN so tha they can apprehend the situationsthroughfamiliar schemas
tha are conduadve to determining mathematical propeties of the situaions (this is the act of
modding, mathematizing). The @qudOgesture may indicate tha the participants were engaging
in embodied spatia articulationN they were assimilating the marbles into an embodiment of
propottion as ameansto anticipate frequency, constructed as expected modeand variance.

Conclusions

StudentsOmathematical problem solving is not either with or without objects, perceptud or
conceptud, situaed or symbolic, conaete or abgdract. In fact, these pars of condructs assume an
ontology tha does not capture the phenomenology of mathematical reasoning. Rather, problem
solvers negotiate anong embodied schemas afforded by available material and representationd
resources. In so doing, problem solvers spontaneoudy conjure and mimetically embody
cognitive artifacts that have representationd affordancesN a symbolic form, a diagram, a figure
of speechN as kinestheticEimagistic subgrate supporting the extraction of relevant phenomend
aspects of situaed objects. Gesture plays a central role in situated problem solving: gesture
bridges from prereflective absorption to reflective attention, from direct intuitive grasps to
processes of congious reasoning and communication. Gesture, a physcal action with spaialb
dynamic propeties, conaetizes pasond kinesthetic negotiation for ingection, verbdization,
and intersubjectivityN gesture groundsembodied quantitative relationsfor further elaboration.

Reflexive artifactsN e.g., sets of objects affording self-indexing by sorting or tabulationN
suppot emboded mathematical reasoning and therefore merit further design-based research. Of
paticular interest are cognitive mechanisms govening these perceptudbepistemic negotiations

Findly, | see a tenson beween phenomenological and semiotic descriptions of referring-to
discourseN a tension tha may be hampering produdive collaboration within interdisciplinary
fields concerned with condrudivist pedagogica philosophy, at least with regards to
mathematics. This study suggests a need for theoretical perspectives on mathematical cognition
tha are geared to treat the multimoddity of mathematical intuition, reasoning, and practice so as
to illuminae issues of design, teaching, and learning. Embodied cognition, informed by
phenomenological philosophy, effectively congitutes onesuch theoretical perspective.

Author Note
Thank you, Katharine G. Young for teaand a hog of figures of speech to embody. Thank
youto al members of the Embodied Design Research Laboratory, especially the Undegraduae
Research Apprenticeship Program students, for dogged scrutiny and a wealth of inaghts.
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